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A perfectly conducting, nonviscous fluid is assumed to be permeated by an inhomogeneous, time
independent magnetic field satisfying the magnetohydrostatic equation.

This fluid shall be perturbed by hydromagnetic waves of small amplitude.

The wave

equation is expressed in a completely covariant form. This formulation allows to search for simpli-
fying coordinate systems intrinsically adapted to the undisturbed field configuration. Hydromagnetic
waves with the velocity vector satisfying the equation div v=0, which are the natural generalization
of ALrvEx waves have been investigated especially. It is shown that there are simplifying coordinate
systems for the hydromagnetic wave equation. Especially it is shown that the solution of the ALrvEx
wave equation can always be reduced to the solution of an ordinary differential equation if in the
equilibrium configuration the current is either perpendicular on the magnetic field line or zero.

In linearized magneto-fluid dynamics one con-
siders the propagation of a disturbance or wave of
infinitesimal amplitude in a liquid conductor perme-
ated by a time independent magnetic field. In the
special case where this time independent magnetic
field is uniform, the propagation of the hydromag-
netic waves is known in every detail. In particular
it is known that there exist a type of hydromagnetic
wave, transversal in nature known as an ALFVEN
wave. ALFVEN waves satisfy the additional condition
that the velocity vector shall satisfy the equation
divo =0.

ALrvEN waves for this reason can propagate in a
compressible fluid as well as in an incompressible
fluid.

The usual treatment of the hydromagnetic wave
propagation is restricted to the case where the mag-
netic field lines of the undisturbed field are straight
and uniform. In general, however, the magnetic field
lines of an undisturbed field are neither straight nor
uniform but only of such a character as to satisfy
the magnetohydrostatic equation.

In a previous paper ! the propagation of ALFVEN
waves in an external, but otherwise in general, in-
homogeneous magnetic field has been considered.
In such a case it is always possible to derive the
magnetic field as a gradient of a scalar potential
satisfying Laprace’s equation. Within the family of
field lines there exist then always a family of equi-
potential surfaces. The magnetic field lines intersect

* Supported in part by the U.S. Air Force Cambridge Re-
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these surfaces everywhere perpendicularly. For such
a field which is free of volume-currents the magneto-
hydrostatic equation is satisfied automatically.

A curvilinear coordinate system was introduced
in which the magnetic field lines were directed along
one family of coordinate lines. The two other fami-
lies of coordinate lines were placed into the equi-
potential surfaces. The hydromagnetic wave equation
written down in such a coordinate system took a
much simpler form. Using this coordinate system, it
was shown that the solution for the propagation of
an ALFVEN wave could be reduced to the solution of
an ordinary differential equation if the field lines
had no torsion.

In the present investigation we would like to con-
sider the most general case of linearized magneto-
fluid dynamics permitting the existence of volume
currents in the undisturbed field configuration.

In contrast to the case where no volume currents
are present, there does not exist, in general a family
of surfaces which is intersected by the field lines
perpendicularly everywhere. It is then, in general,
not possible to set up a coordinate system as in the
case of a current-free magnetic field, where two of
the coordinate lines could be chosen as being located
in the equipotential surfaces.

It is, however, possible to use as coordinate sur-
faces, the so-called magnetic surfaces ? in which the
magnetic field lines and the electric current lines are
located. The two coordinate lines in this surface are
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properly directed along the field and electric current
lines. The third coordinate line can be directed per-
pendicularly to both of it.

This choice for the coordinate lines fails in the
case of a force-free magnetic field, where another
consideration to obtain a simplifying coordinate sys-
tem will be exploited.

1. The Hydromagnetic Wave Equation

We start with the well known equations of mag-
neto-fluid dynamics. These equations are Eurer’s
equation

dv

Q—d[—=5 jxH-— grado, (1.1)
Ony’s law for infinite conductivity
E+(1/c)vxH=0, (1.2)
MaxweLL’s equations »
OH/dt= —ccurlE, (1.3)
(47/c) j=curl H, (1.4)
divH=0. (1.5)
Equation of continuity
Qo/dt+divov=0. (1.6)

Finally we assume a baratropic equation of state:
e=e(p) (L.7)

(v fluid velocity, j current density, ¢ velocity of
light, H magnetic field, ¢ density, p pressure, E elec-
tric field).

First we combine (1.1) and (1.4):

dv
me_—.—hnHXcurlH—gradp. (1.8)
Combination of (1.2) and (1.3) yields:
SH/Jt=curlvxH. (1.9)

In order to carry out the linearization we expand

H=H,(r) +h(r,1), (1.10)
p=po(r) +p'(1,1), (1.11)
0=00(1) +0'(1,1). (1.12)

*v. 1
Qo de 47

— = [Hyx curl Hy] divy — -
b4 4

4
We introduce instead of Hj, the vector u defined by

u= HO/VZl:‘t

1‘; grad (v-[Hy x curl Hy]).
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We consider v, p’ and ¢" small of the same order
as h and neglect terms higher than the first order
in h, v, p’ and ¢". We obtain then instead of (1.8):

v 1
e == o [Hy < curl h + h x curl Hy]

_ 7;17:{ [H, < curl Hy] — grad py — grad p’.
(1.13)

Now we observe that the undisturbed equilibrium
must be satisfied by the magnetohydrostatic equa-
tion. This equation is:

(1/4 7) Hyx curl Hy= — grad p, -
This simplifies (1.13) to
d 1
% ‘a? ==, [Hyxcurlh+h xcurl Hy]
—gradp’. (1.15)

(1.14)

Linearization of (1.9) yields

Oh/3t=curlv x H,. (1.16)
Equation (1.5) splits up into
divHy,=0, divh=0 (1.17)
and finally linearizing equation (1.6) yields
_aa% +0odivo + (v-grad gy) =0
, . )
or aaéz + 0y dlvv-i-r—aif (v-grad py) =0. (1.18)
Now we observe that
3p _ 3p %0 . %p 3
3t 3 3t  do 3t (1.19)
dp/Co=a? (1.20)

is the square of the sound velocity, which shall be
assumed constant. This is for example the case
if the fluid satisfies the gas equation and has con-

stant temperature.
Combining (1.18) and (1.19) results in
aaﬂt, = —gga®divv — (v-gradpy).

After differentiating (1.15) and (1.16) with respect
to time, h can be eliminated from both equations.

p’ furthermore can be eliminated by (1.21) and
po from (1.14). The result is:

(1.21)

= —  [Hyxcurl curl v x Hy+ [curl v x Hy] x curl Hy] + 0, a® grad div v

(1.22)

(1.23)
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and assume periodic time dependence of the form:
v(r,t) =v(r) e it (1.24)
and similar for o' (7, ). The result upon (1.24) is:
0o WV =u x curl curl ¥ X U + [curl ¥ x U] X curl U — g, a® grad div v
+ [u xcurlu] divv + grad (V- [u x curlu]). (1.25)

In addition we have divu =0 (1226

and the equation of continuity:
—iwo +0ydivo—a2(v- [uxcurlu]) =0. (1.27)

Equations (1.25) is the well known general magnetohydrodynamic wave equation 3.

2. Covariant Form of the Magnetohydrodynamic Wave Equation

We consider a general curvilinear coordinate system given by the line element
ds® = gap dz* da?, (2.1)

gap is the metric tensor of the curvilinear coordinate system.

In such a general curvilinear coordinate system equation (1.27) can be written as follows:

00 ©2 V7 = &% Eapu €4 £0py Ua (VP W) 1232 + €% Eanp €7 £uir (Vg Uy) ST
— 00 @2 (1739) ° 4 € E1yn Ur U™ V8.8 + €7 Eppa (V* U Uy;8) 3° . (2.2)

For (1.28) we write wWp=0 or u,7=0. (2.3a), (2.3b)
The equation of continuity in covariant form is:

— P00 +0yvP8—a 2% Lupa P Ul Uy;p=0 or —iwQ +0qvy" —a 2 eapy e vuour¥=0. (2.4a,b)
Semicolons define covariant and commas ordinary derivatives. The customary summation and index con-

2 y

ventions have been used.

The symbols eq,, %7 are the completely antisymmetric Ricci-symbols, being equal to 1 for an even and
—1 for an odd permutation of afy, in all other cases zero. Use was further made of the well known formu-
las for the covariant expressions of a vector product A x B

g2¢eap, AP B or g 2% Ag B,
and for the curl A gReapy ArF or gT12e%r 4,5,
With the identities &40 g0, = Op% 8,4 — Oy% Ot (2:5)
equation (2.2) can be brought into the form:
00 w? v° =ual (u” ) ;5% — (u 0%) 1* + (wf v%) * — (W 0°35) ] + 0" uy[uft —uH]
+ (vswy) P[u7 —w°] — Qg a® (v73) © +ur (u™° —u’F) vFip + [0* U7 (Uysu — Uu) ] . (2.6a)
Instead of (2.6a) we can write by making use of (2.3a,b):
00 02 v° =u? g% [ (o ¥7) 10 — (Ua¥?) 10+ (W va:8) 30— (W V036 3a]
+g°2 [ (upso — uoip) (VP w” — (v W) 3y) — 09 @®(v73) 20 (2.6b)
+ U (Ueio — Uose) VP84 (VAW (Upiu — Uusr) ) se] -

3 For instance: K. Haiv, R. Lisst and A. ScuriiTer, Z. Naturforschg. 12 a, 833 [1957].
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For this we can also write:
00 02 v° =1 g°¢[ (u0:8 vF) sa— (Uaip 1¥) 10 — (WP vo18) sa+ (WP vasp) 0 + (o vP:8) 50— (wavPip) o)
+ g (upio — uosp) (VP w’ —v? ulyy— vy wh) — 00 a* (vV73) 20 (2.6¢)
+ U (Urso — Uoi) VP38 4+ (VW (Wysu — Uusy) )ie)

or
00 W2 v° =u® g°[ (ue:p V¥ — uf vp:8) ;0 — (Uasp VP — uf vaip) 10 + (o VP38) 10 — (Ua vP:6) 0]

+ g7 (upso — uosp) (VP w — v by — 0735 wf) —0ga®(v73) 10 (2.6d)
+ U (s — Ugse) VP35 + (0 W (Wysu — Upsy) )so] -
Using the well known relation for the covariant derivative of a vector A
Aig— Api=Aip— Ag (2.7a)
and for a scalar S S=Sx (2.7b)
one can write instead of (2.6d) :
00 W% v° =u® g% (ue:8 V¥ — uf v0:8) .o — (wa:p VP — uf Vaip) 0 + (o VF:8) a— (ua v:) 0]
+ g% (upo — to.p) (VPiy w? —v? uPyy — 07y uf) — 09 a2 (v73) 0 (2.6e)
+ U (Ur,o — Uo,r) VP8 + (VAW (Wyp — Uuy) o] -
Still another form for the last equation is:
00 % v° =u g7[ {gou (utsp v — uf v:5) }.0 — {gau (wHp 0F — uf v¥3p) } 0+ (o vF:8) .o — (uaip) o]
+ 87 (up.o — Ue.p) (VP w — 0" WPy — 07y WF) — 09 0% (v717) 0 (2.6f)

+ U (Ur,o — Up,z) VP35 + (v* u” (wy,u — upy) )] -

Now since
utpvf =ut gvf + Il ut v#, ug v#,p=uf v¥ g+ I'l, v* uf
it follows that u“gvf —ubvrig=utpgvf —uf vty (2.8a)
and similar v, ur— vt ub, =vf,u — v uf, . (2.8b)
Furthermore
(uo ’Uﬂ;ﬂ) a— (Ua vﬂ;ﬂ) o= 'Uﬁ;ﬂ (0,0 — Uay0) + 1o (Uﬂ;ﬁ) ,a— ud(vﬂ;ﬂ) ,0 (2.8c)
and vhp=g 12 (g2 0vf) 5. (2.8d)

With the help of (2.8a), (2.8b), (2.8¢) and (2.8d) we can further simplify (2.6f). The result is:
00 0% v =u" g [ {gou (w5 0¥ —uf v ) } .0 — {gau (w5 vF —uf v 5) }.0
+ g 12 (g2 vf) p (wo.a—Uae) +uo{g™12(g" 2 vF) 8}.a —ua{g ™12 (g2 1) 5}.0]
+ g°¢[ (up.o — uo.p) (WPyur —v?* ub,) — 8_1/2 (81/2 ) uf (2.6g)
— Qo az{g_llz(gl/g v7) v7}:9 +u” (Ur,0 — Ug,r) 8_1/2 (31/2 v) 5+ (v* W (wy,u — ) ):0] .

A further simplification of equation (2.6g) is possible for motions obeying the additional condition
div v =0. Such motions are just what we called the generalization of ALFVEN waves.
In this case we obtain instead of (2.6g):

00 0% v° = u® g°[ {gou (u* g vF — P v# 4) }.a — {gau (w5 0F —uf v 5) } ]
+ g% (up,o —wo,8) (VP yw — v uly) + (0" W (wyp — Uuiy) )so] - (2.9a)
Equation (2.9a) must be supplemented by (g2 ) s=0. (2.9b)
Finally the equation of continuity (2.4a) can be written by using (2.5) as follows:
—iwQ +008 (g2 vF) 5 — a7 [vH W (yn — Uuy) ] = 0. (2.10)
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3. The Coordinate System

The advantage of the covariant formulation is
that the coordinate system must not be specified.
It is, therefore, obvious to search for coordinate
systems in which the equations (2.6g), or (2.9a,b)
respectively, simplify.

We have to note that not all possible magnetic
fields H,, and therefore, not all vector fields u
entering our equations (2.6g) or (2.9a), are permis-
sible. Only such vector fields H, which satisfy the
magnetohydrostatic equation (1.14) of the undis-
turbed field are allowed.

Equation (1.14) written down for the vector field
U has the form

(3.1a)
(3.1b)

In the degenerated case of a force-free field we have
instead of (3.la), (3.1b) as the magnetohydro-
static equation

u x curl u = — grad p,
or curl (U x curlu) =0.

uUxcurlu=0. (3:2)

We will consider the degenerated case of the
force-free field separately. It is now possible to
choose our hitherto, unspecified coordinate system
in just such a way as to satisfy the equations (3.1a),
(3.1b) [in the case of a force-free field (3.2)]
automatically.

First we note that according to (3.1a) u and
curl & are located in a surface. We choose, therefore,
this surface as a coordinate surface. The coordinate
line 2! shall be directed along u and the coordinate
line 22 along curl u. Magnetic field lines and elec-
tric current lines are, therefore, coordinate lines.
The third coordinate line 2 shall be directed along
grad p, and is, therefore, perpendicular to z! and
Z=.

The metric tensor has thus the form

<g11 g2 0 >

gik=| 812 &2 O (3.3a)

0 0 g3

or 813=823=0. (3.3b)

The contravariant components of u are
u*={u',0,0}. (3.4)

The vector curl w shall possess only a component
along the direction of 22. The contravariant compo-
nents of curl % are given by

(3.5)

curl u|* = g 712 eofr y, 4
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The requirement that the electric current shall
possess no components along 2! and 23 results in
the two equations following from (3.5) :

¥ uy=0, %7 uyi5=0
or ugz —up3=0, (3.6a)
U1 —Uip= 0. (36b)

Next we can specify the third coordinate line 2® in
just such a way as to make

po=A 23, A =const. (3.7)

The gradient of p, has then the following covariant
components

grad py|«={0,0, 4} . (3.8)
Or by virtue of (3.1a):
uxcurlu|,={0,0, —A4}. (3.9)
Now we calculate
U curl U | o= &7 £opa ul uyip
= (8 007 — 0,F 0 uuy:p
=U*(Ua,0 — Us,a) (3.10)
or remembering (3.4) we get:
uxcurlu|o =u! (w10 — o). (3.11)

Combining (3.11) with (3.9) yields the three
equations:

u1—u,1=0=0, (3.12a)
U2 —us =0, (3.12b)
u (w3 —ugq) = —4. (3.12¢)

Of these equations (3.12a) is an identity and
(3.12b) equivalent with (3.6a). We note further-
more, that because of (3.3a)

ug=gzu'=0
so that in summary:

(3.13a)
(3.13b, c)

uip—up1=0,

1

11,.2,3=0, u u1,3=—A.

It is now easy to check that the equation (3.1b) is
then satisfied automatically.
This equation has the covariant form

sago[ul (ul,a — ua,l) ] 0=0

(3.14)

and is satisfied for a=1, 2, 3 by virtue of (3.13 a,
b, ¢). If uy+0, then it is possible to give (3.13c)
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still another form which does not involve derivatives
of u.

It is U = grp u' (3.15)
therefore,
us 3= gre3ul + gpul3=0 (3.16)
the latter by virtue of (3.13b).
Because of uy =gy ut (3.17)
one has
urs=gusu +gnuls. (3.18)

Eliminating »'3 from (3.16) and (3.18) yields
uy 3 =g u' (ln ﬂ‘—) =uy <ln rgf“—) ; (3.19)
3 3

812 812

From this and since, u; u! = (u)? it follows instead

of (3.13c):

(u)? (]n ,gw) —A. (3.20)

811/.3

We treat now the degenerated case of a force-free
field defined by equation (3.2). Since in a force-free
field the magnetic field lines and the electric current
lines are parallel everywhere they do not more
form a surface which could be used as a coordinate
surface. We have, therefore, to proceed in a different
way.

From equation (3.2) it follows that to each force-
free field exists a scalar function @ (z,y, z) depend-
ing in general on all three space coordinates and
obeying the equation:

(3.21)

We apply the operation div on both sides and obtain
by virtue of (1.26):

u-grad 2=0. (3.22)

Equation (3.22) shows that @ is located in the plane
@ = const . It is therefore, suggestive to choose the
plane @ =const. as a coordinate surface. In this
surface we introduce two coordinate lines ' and 22.
The 2 line shall be directed along the magnetic field
line. The 22 line shall be located in the surface
@ = const., but otherwise be unspecified in its direc-
tion with regard to z'. The 2? line is chosen to be
parallel to grad @. The metric tensor has, thus the
same vanishing elements, as in the preceeding case
given by (3.3a,b).

The contravariant components of U are also given

by

curlu=u .

u*={u!,0,0} (3:23)
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and here again we can put

D=A23. (3.24)
With (3.24) we obtain
grad @|.={0,0, 4} . (3.25)
The covariant form of equation (3.22)
u* Do=0 (3.26)

is then satisfied automatically.
In order to satisfy equation (3.2) we write down
the covariant form of (3.2):

ul(uto—o1) =0; 0=1,2,3 (3.27)
which yields the two equations
up—u21=0, u3=0. (3.28a,b)

With equation (3.28a) and (3.28b) are then the
second and third component of (3.21) automatically
satisfied.

To obtain the first component of (3.21) we calcu-
late

curl |l =g 12 elbr y,,4

= — (1/Vg) ues (3.29)
Now it is us = g ul
therefore Us3 =g u' +gau'y (3.30)
and uy = gy ul
therefore
w3 =gusu' +guulg=0 (3.31)

the latter by virtue of (3.28b).
Eliminating u!3 from (3.30) and (3.31) yields:

U3 = g1 <1n 5‘1) ks
3

811

(3.32)

Substituting this result into the first component of
equation (3.21) results in:

A= & (In & ) (3.33)
Ve 812 /.3
therefore AVgu' B =us3. (3.34)

From (3.33) follows that the 22 line is, in general,
not be directed perpendicularly to the z! line.
g12=0 implies 4=0. A=0, however, implies ac-
cording to (3.21) and (3.25) that curl u =0, which
means a current free field.
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4. The Hydromagnetic Wave Equation It is also, however, easy to write down the wave

in the Special Coordinate System equation for the more general case. We are espe-

In writing out the wave equation in the special cially interested to find solutions corresponding to

coordinate system we restrict ourselves to the sim- ALFVEN waves which just satisfy the condition

pler case of waves which obey the additional condi- div v =0. We discuss the case of a force-free field
tion divv =0. here again later.

Our wave equation is given by (2.9a) with the constraint (2.9b). This wave equation in the special
coordinate system can be brought into the form:
2o v°=u' g*e[{go1 u'p vF — gou ! v*,1},1 — {gu ulpvf — graul v¥1},c]
+8°¢ [ (ug.o — uo.8) (Uﬂ,l ul — v uf,) + (v ul (uy.u— uu1)).el (4.1)
or written out in components [using (3.13a, b, ¢)] yields:
0p w? v =ul g2[{go(ulyv! +ulpv®+ulzge’) —gpul vl —gnulv? ),
—{gn@ vt +ulpv® +ulgv®) —gulvly —gpulv? }s] —A4g2%,, (4.2a)

0o 02> =u! g2[{g(ul 1 v' +ulsv? +ul30v%) —gpul v! l—g»u Pt

—{gn@ vt +ulov® +ulzgv®) —gul vl —gpul v} ] —4g20%,, (4.2b)

0p 0?13 = —u1g33[(g33u1 1)1 +{gl1(ullvl+u1‘)v‘+u 3v%) —gnulvl, — 812U U‘l} 3]
—AgB 31 +183) + = (v uli+%uls+03uls) . (4.2¢)
This must be supplemented by (]/g vl),l + (Vg v) o+ (Vg 1) 3=0. (4.3)

It is now easy to see that this system of partial differential equations, (4.2a,b, c¢), together with (4.3) can
be reduced to the problem of solving an ordinary differential equation if the following conditions are
satisfied:

V'=03=0, gp=g%=0, 23/322=0. (4.4a,b, c)
Equation (4.2a), (4.2¢) and (4.3) are then satisfied identically. For equation (4.2b) we obtain
00 W2 v = —u! gZ(gnu'v?y) 1. (4.5)

Condition (4.4b) is satisfied if the current is directed perpendicularly to the magnetic field line. Condition
(4.4b), together with (4.4c), implies furthermore as shown in the appendix that the 2? line is directed
along the binormal of the 2! line and the z! line has no torsion.

Equation (4.5) describes an ALrvEN wave with a varying refractive index and can be treated for instance
by the W.K.B. method. If the field is homogeneous at 2!= — o + oo, it can also be treated by Born
approximation.

It is easy to bring equation (4.5) to a form describing a wave propagating in a medium of variable
refractive index.

This form is given by

| gems T 22— [Ungnut) 11— | (ngnu!) i | [(geu) 4%] 0. (4.6)

We are turning finally to the case of a force-free field. In the special, for the force-free field investigated

coordinate system, the form of the wave equation is the same as equation (4.1).

Writing this out in components but taking now into account (3.28a, b) and (3.34) yields:
11

Qo @? vl =ul g2[{grpe(ul 1 vt +ul, s ® +ulgv®) —gpulv';—grnulv?s},
—{gul v +ulp® +ulgv®) —gnulvly —gpulv® }e] +4 g2 Vga ()23, (4.7a)
00 0¥ =u! g2[{gp(uly vt +ulpv® +ul gv®) — gpul vl — gnul v?} 4
—{gu(w v +ulpv® +ulse®) —gnulvly —grpulul )]+ 482 Vgt ()2, (4.7b)
0o w?v®= —ul g¥[ (gssu! v21) 1+ gl vt +ulgv® +ul 30°) — g ulvly —gpulv’y) 5]
—AgB Vgt (u)2?,. (4.7¢)
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These equations must be supplemented by equa-
tion (4.3).

Here again it is possible to reduce the solution of
this system of partial differential equations to the
solution of an ordinary differential equation if

i=v=0, (4.8a)
Zp—glt=0l, (4.8b)
9/3x2=0. (4.8¢)
From (4.8b) it follows then by virtue of (3.33)
A=0 (4.9)

and this is according to (3.21) together with (3.24)
the case of a current-free field. The resulting single
wave equation is given by

(4.10)

% w? vi’ = ul g‘ZZ(g_z? ul 1)2’1) 1

which is of the same form as equation (4.5).

5. Conclusion

It has been shown that hydromagnetic wave equa-
tions can be considerably simplified by going to
certain curvilinear coordinate systems intrinsically
adapted to the shape and differential geometric pro-
perty of the magnetic field.

In simple cases as the one in which the current
lines are perpendicular to the field lines or when the
current is zero the solution of the set of partial dif-
ferential equations describing ALFVEN waves can be
reduced to the solution of an ordinary differential
equation.

Appendix

Torsion and Curvature of the Field Lines

t,n, and b be the tangent, normal and binormal
vector of the 2! line, normalized to one:

tal®=ngn®=0bgb%=1. (A.1)
For the following we assume that
812=813=823=0, a/aﬂ?2=0 (A.2)

by which the set of partial differential equations could
be reduced.

LINEARIZED MAGNETO-FLUID DYNAMICS

For the components of the tangent vector we have
= (g) 7, 0,00 ={(g1),0,0}.  (A3)

The only nonvanishing components of the normal and
binormal vector which have to be calculated are

n*={0, n2, n3}, (A.4)
be={0, b2, b3}. (A.5)
The Frexer formulas are (in covariant form) :
“. d,I,, — "
tH, 4 A (A.6)
w, 9
b#;, 5 —rnk. (A7)

Further since we like to calculate n“ and b“ for the
2! line.

% ={(g11) ", 0,0} ={(g)",0,0}. (A.8)

From (A.6) we obtain
nt =14 (gll) Yo — p—1 (gll) 1/s (t”, s F’ull ll) . (Ag)
From this and observing (A.2) we get

n!'=0, n2=0,
1 g
nd=— > 1 21k3 | (A.10)
2 811 833
Contracting gssn®ni=1 (A.11)
gives the value for the curvature »:
I s
= — e (A.12)
2 811 Vess

The components of the binormal vector can now be
calculated by the formula

bre—=gregneBt,ng. (A.13)
From this follows
b =0, b3=0,
b2=3% x1g7 1 (gl) e gy 3. (A.14)

(A.14) shows that the binormal is directed along the
2? line.
The torsion finally can be calculated from (A.7):
e
ds
= — (g") " (b, 1+ Iz b%) n,
= — (g") " gyg I'sy® b2 n®=0.
The latter since in an orthogonal coordinate system
I's3=0.

The torsion of the 2! line is, therefore, zero.

T=—b#;, n,

(A.15)



